Abstract-Bifacial tandem cells promise to reduce three fundamental losses (above-bandgap, below bandgap, and the uncollected light between panels) inherent in classical single junction PV systems. The successive filtering of light through the bandgap cascade, and requirement of current continuity make optimization of tandem cells difficult, accessible only to numerical solution through computer modeling. The challenge is even more complicated for bifacial design. In this paper, we use an elegantly simple Markov chain approach to show that the essential physics of optimization is intuitively obvious, and deeply insightful results can obtained analytically with a few lines of algebra. This powerful approach reproduces, as special cases, all the known results of traditional/bifacial tandem cells, and highlights the asymptotic efficiency gain of these technologies.
I. INTRODUCTION
The optimum single junction (SJ) solar cell fails to convert 2/3 of the incident sunlight into useful energy [1] . In fact, these unconverted sub-bandgap (sub-BG) and above-bandgap (above-BG) photons further degrade the performance and reliability through self-heating [2] , [3] . Moreover, the panels in a solar farm must be spatially separated to avoid shadowing; as a result, ~50% of the photons are wasted in the space in between [4] . With this 'space loss' accounted for, ~83% of the sunlight incident on a solar farm will never be converted to electricity.
A bifacial multi-junction tandem cell (B-MJT) promises to stem these three fundamental losses as follows: photons of various energies are converted by the sequence of absorbers with decreasing bandgaps so that 'sub-BG' and 'above-BG' losses are reduced in half [5] . In addition, bifacial cells partially recover (~30% in practice) the space-loss by converting the albedo light [6] - [9] , see Fig. 1(a) . Therefore, in principle, the B-MJT solar farm may be 250% more efficient than a SJ farm.
Since the 1960s, many groups have analyzed the physics and optimized the design of MJT with finite number of cells [5] , [10] , [11] . In contrast, bifacial cells are relatively new, but their high efficiency and reduced temperature sensitivity have sparked commercial interest. The thermodynamics and optimization of two-junction bifacial cells have been reported recently [8] , [9] . The results show that the optimization is nontrivial: In a classical MJT, the need for current-matching dictates sequential decrease in bandgap from the top to the bottom. In B-MJT, the bottom cell is illuminated by albedo light, therefore, we need not maintain the bandgap sequence; a partial inversion of bandgaps is possible and desirable. Even in the idealized thermodynamic limit, however, many questions remain unanswered: What is the optimum bandgap sequence of a 5-junction B-MJT and how does it compare to classical MJT? How would the configuration change when the solar farm is installed on grass vs. concrete rooftop? At what point, does the marginal gain of an additional junction is negligible?
A numerical simulation can answer these questions, but the essential physics are sometimes lost in the fog of numerical modeling. Instead, here we use a simple approximation for BG-dependent photocurrent, within a Markov chain formulation [12] , to show that the choice of BG in classical vs. B-MJT is described by an elegantly simple formulation. The optimum efficiency predicted by the simple model match the numerical results within 2%. Away from the optimum BG, the fluorescence coupling is essential and numerical modeling cannot be avoided. Even in those cases, the results of the calculation provide excellent initial guesses regarding the potential of the bifacial cell technology. bandgap, , and short-circuit current, ( )) , illuminated by 1-sun on the top and -sun at the bottom. The cell with the smallest bandgap ( 0 ≡ , ) is located at {0}. The chainsegment illuminated by the direct incident light is marked { +} with the top cell at { }. Similarly, the cells illuminated by the albedo light is marked { −}, and the bottom cell is { }. Thus, the total number of cells is ≡ + + 1.
II. THE MARKOV CHAIN MODELING FRAMEWORK
Assuming complete absorption above the bandgap, the current in the individual bubbles is related to short circuit current, ( ) of isolated absorbers, as follows:
Since the current through the series connected cells must be identical, the equations above are numerically equal.
Despite the complexity of the AM1.5G spectrum (or AM1.5D, AM0 for that matter), the short-circuit current, ( ) , scales almost linearly within the bandgap range (0.5 < < 2.0 ), i.e.,
where is a constant, and 0 depends on intensity, .
Inserting, (2) into (1) and dictating that the current must be continuous through the Markov chain, we find that the bandgap optimization problem fully solved simply as follows,
where where, is the effective albedo reflectance and,
can be determined as follows, see Fig. 2 . The photocurrents are matched, therefore, can be replaced by a single source, evaluated ℎ = for example. And, the dark current is
Here, 
Here, 〈 〉 and { } are the arithmetic and geometric means, respectively, of [ ] , obtained from Eq.
(3). And, is the geometric mean of [ ( )]. In this remarkable result, Eq. 4(b) suggests that the terminal response of complex B-MJT can be represented by a string of identical cells repeated N-times, making the vast literature of SJ physics available to MJT analysis.
To summarize, once 0 , , , and are specified, Eq. (3) provides the analytical solution of the bandgaps, so that Eq.
(1) and Eq. (4) can be used to construct the − characteristics and the efficiency, * ( 0 , , , ), of the cells. To calculate the , first we find from Eq. (4) that
so that ≡ ( ) gives optimum output. A basic scientific calculator can be used to solve the optimization problem in just a few minutes. Eq. (5) reduces the well-known SJ formula with 〈 〉 = , , as expected.
The limitations of the model are evident in the derivation: current is presumed linear in bandgap; the current should be matched at the maximum power-point, not at short-circuit; and it neglects the thermal resistance that self-heats the stack and changes the bandgap. Regardless, the accuracy of the model can be verified against the numerical model, as follows. / reflects that the fact, with that the bottom is no longer dependent on the filtered light through the top cell for its current; therefore, improved current matching is possible even with reduced bandgap difference. As an aside, when >2.0 eV, the − is no longer linear, from Eq. (6) should be trivially replaced by the * , where ( ) = ( * ).
III. AN ILLUSTRATIVE EXAMPLE

B. Thermodynamic Limit.
We now calculate, based on Eq. (4) and algorithm discussed in Sec. II, the * ( 0 , , = 0, ) and for = 1. . .10 and = 0, 0.3, and plot the results in Figs. 3(a, b) , respectively. For comparison, * is the output normalized to 1-sun input.
The white squares mark optimum 0 ( ) that maximizes * for a specified number of junctions. Figs. 3(c) and (d) show that the associated with 0 is near perfect agreement with results reported in the literature for the classical and bifacial cells. Given this level of agreement of the bandgaps shown in Fig. 3 , it is not surprising that * matches as well, see Fig. 4 .
Indeed, for = 0, the 0 ( , ) optimum is easily derived:
Here, = 1.33 eV is the SJ optimum bandgap. Eq. (7) anticipates asymptotic limit of 0 ( → ∞), see Fig. 3 (c,d) .
IV. CONCLUSIONS
While the results for = 0 (classical tandem) is only of pedagogical interest, the results shown in Fig. 4 is the first report of efficiency gain of B-MJT with ≥ 3. The results suggest that a 4-junction B-MJT would outperform a 7-junction classical MJT, such is the power of the currentconstraint relaxed by the bifacial concept. For the same , the increased power-input of B-MJT would make the cells slightly hotter, but the reduced temperature coefficient of some of the bifacial cells, such as HIT, would compensate the effect. Finally, for = 10 and = 0.3, the gain advantage saturates to approximately 2.5%, a small but significant increase. This however is not the limit: The * would improve further for > 0 configurations, especially for > 4. The results will be reported in the conference.
To conclude, we have developed a new methodology that can be used to answer broad range of questions regarding tandem cells. At extremely small and very large bandgaps, or for optimization at the maximum power point involving luminescent coupling, numerical simulation would still be necessary, and the final design must rely on careful optimization of finite absorption, reflection, series resistance. Regardless, the methodology reported here stands out in its simplicity and versatility to quantitatively predict a range of phenomena previously accessible only to numerical modeling. 
